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We construct a representation of the nitely presented group G := hx; y j x2; y3; (xy)7;
[x; y]11i. This is done by lifting a representation over a nite eld to a sucently large
quotient of local eld and by nding minimal polynomials for the entries of this rep-
resentation. We nally obtain a 7-dimensional representation over an algebraic number
eld K of degree 10 over the rationals, providing a homomorphism of G into a Lie group
of type G2 over K.
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In this note we show, how a representation of the group G := (2; 3; 7; 11) dened by the
presentation hx; y j x2; y3; (xy)7; [x; y]11i can be constructed by the method described
by Plesken and Souvignier (1997). Inniteness of this group was left open in Holt and
Plesken (1992), but Edjvet (1992) proved that it is innite by topological methods.
We obtain a homomorphism from G into a Lie group of type G2 over an algebraic
number eld of degree 10 over Q, which gives innitely many nite factor groups of G.
It can be shown using the resultant method described in Section 2 of Plesken and
Souvignier (1997) that G has no projective representation of degree 2 in characteristic 0
and one calculates that p = 43 is the only prime such that G maps onto PSL2(p). It
was already pointed out by Holt and Plesken (1992) that PSL2(43) and J1 are the only
simple epimorphic images of G of order less than 1011.
Denote by K the kernel of the epimorphism from G onto PSL2(43). For any group K
and prime number p dene the lower p-central series i = ip of K by 
1(K) :=
K, i+1(K) := [i(K);K]i(K)p. The lower 43-central series of K starts with layers
jK=2(K)j = 4311, ji(K)=i+1(K)j = 4314 for i = 2; 3; 4, where [i(K);K] = i+1(K)
for i = 1; 2; 3; 4 and i(K)43 = i+2(K) for i = 1; 2; 3. This indicates that the 43-adic
completion of K might be a subgroup of a Lie group of type G2 over a ramied exten-
sion E of Q43 of degree 2. Under this hypothesis it follows from Satake (1971) that a
z E-mail: bs@willi.math.rwth aachen.de
0747{7171/97/030489 + 04 $25.00/0 sy960147 c© 1997 Academic Press Limited
490 D.F. Holt et al.
representation  of G can be realized of degree 7 over E. Moreover E = Q43[] with
 =
p
43 or
p−43 are the only ramied quadratic extensions of Q43.
The simple F43 PSL2(43)-module of dimension 7 gives us a homomorphism from G
into SL7(43). This can be lifted to SL7(R=}3) for R = Z43[
p−43] but not for the other
ramied extension, hence we set  =
p−43 and } = R.
We chose  2 SL7(R) as image of x and let ’d : G ! SL7(R=}d) such that x’d is
represented by . As in Section 4 of Plesken and Souvignier (1997) let L(’d) = L1(’d)
be the ane space over F43 of lifts of ’d to SL7(R=}d+1) and L2(’d) the subspace of
those which lift to SL7(R=}d+2). The centralizer C of  and C0 of  and y’d modulo }
yield dimF43 C=C0 = 3
2 + 42 − 1, since  has 3 eigenvalues 1 and 4 eigenvalues −1
and G’1 is absolutely irreducible over F43. For d = 2; 3; : : : we nd dimL1(’d) = 25 and
dimL2(’d) = 24. As pointed out in Lemma 4.1 of Plesken and Souvignier (1997) lifting
directly from R=}d to R=}d+2 is still a linear problem over F43, and this gives a unique
1-step-lift up to conjugation.
To obtain a solution one has to choose values for the free parameters in each step.
Clearly this choice can (and in this example did) cause that the representation is not writ-
ten over its minimal splitting eld. For that purpose one has to nd a suitable new basis.
Now one observes that the image of xy has eigenvalue 1 with multiplicity 1, and spin-
ning an eigenvector v to this eigenvalue yields the basis B := (v; v(x); v(y); v(yx);
v(yxy); v(yxyx); v(yxyy)). The fact that these vectors are linearly independent can
already be concluded in the rst step of the lift. With respect to this basis one ob-
tains:
(x) =
0BBBBBBBB@
0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 0
a a b b c c −1
1CCCCCCCCA
and (y) =
0BBBBBBBB@
0 0 1 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1
d −d−e e f g 1 −f−g
0 0 0 1 0 0 0
1CCCCCCCCA
:
Applying the method from Section 5 in Plesken and Souvignier (1997) to a lift to R=}80
one can now identify the entries with elements in the eld F generated by  := tr((xy[x;
y−1]2xy−1)), which is an extension of degree 2 of Q[11 + −111 ], where 11 is an 11th
root of unity. Dene  := 11 + −111 , then the minimal polynomial for  over Q[] is
t2 + (4 + 23 − 32 − 5)t− 4 − 23 + 22 + 7 + 4, the minimal polynomial over Q is
t10 − 5t9 + 13t8 − 22t7 + 53t6 − 70t5 − 21t4 − 176t3 − 91t2 + 54t+ 23. With respect to 
and  the entries of the matrices can now be expressed as follows:
a =
1
4609
((−6044 + 32923 + 35552 − 10680 − 1447)
+(−7354 − 78373 − 14812 + 25005 + 4443));
b =
1
4609
((−36384 − 23013 + 119962 + 3556 − 3725)
+(64854 + 53423 − 213282 − 11148 + 4067));
c =
1
4609
((−6694 + 6553 + 23582 − 2825 + 2144)
+(7964 + 8813 − 32812 + 950 + 625));
491
d =
1
43
((−94 − 473 − 432 + 70 + 87) + (554 + 343 − 2582 − 165 + 142));
e =
1
43
(−294 + 113 + 2152 + 87 − 164);
f =
1
43
(−214 + 483 + 2152 + 20 − 141);
g =
1
43
((84 + 373 + 432 − 24 − 63) + (−44 − 403 − 432 + 55 + 53)):
One might suspect that it would have been easier to work out the representation  as
homomorphism into O7(R) rather than SL7(R). It is indeed so that the computation
does not get more dicult: From the F43 PSL2(43)-module of dimension 7 one gets an
invariant bilinear form over F43 unique up to scalar multiples. By Scharlau (1985) it can
be lifted to a form  over R unique up to isometry and also  can be chosen to x . The
ane spaces L1(’d) and L2(’d) have to be adjusted to consist of orthogonal lifts and the
centralizers C and C0 to contain only -skew symmetric elements. The F43-dimensions
of the adjusted C=C0, L1(’d) and L2(’d) are 9, 10 and 9 respectively. Hence one does
not gain anything. Anyhow the Gram matrix of the invariant form  of  as given over
the global eld F = Q[ ] above is0BBBBBBBB@
7 f1 f1 f1 f1 f2 f2
f1 7 f1 f1 f2 f1 f1
f1 f1 7 f2 f1 f3 f1
f1 f1 f2 7 f3 f1 f3
f1 f2 f1 f3 7 f4 f3
f2 f1 f3 f1 f4 7 f3
f2 f1 f1 f3 f3 f3 7
1CCCCCCCCA
; where
8><>:
f1 = −23 − 22 + 6 + 5;
f2 = −24 − 43 + 42 + 10 + 1;
f3 = −24 − 23 + 62 + 6 + 1;
f4 = −24 − 23 + 62 + 6 + 2 − 1:
This proves that (G) lies in a non-split form of B3(F ), since the image of  under
each of the real embeddings of F is positive denite. Furthermore there exists an FG-
homomorphism from 2V onto V , where V is the module for , hence the image lies in
a non-split form of G2(F ).
Using KANT (cf. Pohst, 1993) we computed that the eld F has discriminant 118 
43  353, classnumber 1, 4 real and 3 pairs of complex embeddings into C and Galois
group C2 oC5. The last fact proves that the matrix (xy[x; y−1]2xy−1) has innite order.
There exists a representation over the ring R of integral elements in F , which can be
obtained by conjugation with a suitable matrix, since on the one hand F has classnum-
ber 1 and on the other hand this is possible for the 70-dimensional representation over Q
obtained from  by substituting  by its companion matrix of degree 10.
Reducing the representation modulo a maximal ideal } of R with residue class degree
f = 1 above the rational prime p gives epimorphisms for instance onto the following
nite groups: J1 for p = 11, G2(23) for p = 23, PSL2(43) and G2(43) for p = 43, G2(67)
for p = 67, G2(89) for p = 89. Note, in the case p = 11 there are two maximal ideals
above p, which together give an epimorphism onto J1  J1.
We take the opportunity to correct a mistake in Holt and Plesken (1992), where it
was stated that the abelianized kernel of the epimorphism from G onto one of the J1s
is a 2-group. From the results above it follows that it maps as well onto an elementary
abelian group of order 1114. Whether or not the 2-part of the abelianization can be used
to prove that the representation  constructed in this paper is not faithful has not been
pursued further.
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